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Introduction :

Reconstructing an object’s 3-dimensional shape from a set of cameras is a classic problem in computer vision problem. Interest in the problem has increased in the last few years because of the number of new applications in has both in vision and in graphics . These applications all require good reconstructions. There are several variations on the problem , building up a 3d image from a set of images by different cameras or from different positions of a turntable . The problem is quite difficult, in large part because

not all scene elements are visible from all cameras and the differences between the corresponding pixels usually due to non-lambertian scenes or to differences between cameras.
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The new approach for solving this problem is by using graph cuts and energy minimization. Graph cuts introduce several advantages , the most important is the high speed of computation. In each of the algorithms that use the graph cut method for minimizing the energy function the minimum cut on the constructed graph is proven to also minimize the energy function defined .The energy functions that can be minimized via graph cuts must meet several conditions .Not every function can be used as an energy function .some classes of such functions are known and characterized by Zabih and Kolmogorov.
In this report these problems have been addressed but for more specific information you should go to the related paper.
MRF formulation of vision problem
Problem:   Label parts of an image based on given data 

                  by energy minimization ensuring smoothness.


[image: image2]
The typical vision problem is to label parts of an image based on given data.

These parts can be pixels or whole clusters, the labels are the variables of the underlying MRF, which can be for example segment numbers or disparity values. We want to solve the labelling problem by energy minimization ensuring a smooth labeling. Therefore the energy is the sum of Data terms or singular energy terms, which encode dependency on the data, and smoothness terms or pairwise energy terms, which ensure a smooth labelling.

The Energy determines the probability distribution in the MRF – low energy configurations are of high probability – so the energy minimization problem is dual to the probability maximization problem, finding the MAP. Depending on the paper or approach either formulation is used: Energy minimization or finding MAP. We will use both as synonyms throughout the talk.

Some classical methods:

Voxel occupancy
Gradient descent

Linear  programming

ICM (Iterated conditional modes)

Simulated annealing


Voxel occupancy

One extensively-explored approach to the problem of reconstructing a scene from multiple cameras is voxel occupancy. In voxel occupancy the scene is represented as a set of 3-dimensional voxels, and the task is to label the individual voxels as filled or empty. 

Voxel occupancy is typically solved using silhouette intersection, usually from multiple cameras but sometimes from a single camera with the object placed on a turntable. It is known that the output of silhouette intersection even without noise is not the actual 3-dimensional shape, but rather an approximation called the visual hull.

Two well-known recent algorithms that have used photo-consistency are voxel coloring and space carving.
Voxel coloring
 makes a single pass through voxel space, first computing the visibility of each voxel and then its color. There is a constraint on the camera geometry, namely that no scene point is allowed to be within the convex hull of the camera centers. As we will see in section 4, our approach handles all

the camera configurations where voxel coloring can be used. 
Space carving
 is another voxel-oriented approach that uses the photo-consistency constraint to prune away empty voxels from the volume. Space carving has the advantage of allowing arbitrary camera geometry.

Why Graph cuts ?

We have already heard several talks about graph cuts. But they all concentrated on a very specific application problem. We want to present a more general approach to solving a vision problem with graph cuts, for that however we shortly need to review the definition of a graph cut:

Lets assume we have a directed graph with positive edge weights and two special vertices: A source with only outgoing edges and a sink with only incoming edges. On this graph a cut is a binary partition of the vertices into a set S around the source and a set T around the sink. The cost of the cut is the sum of the weights of all the edges inducing flow from source to sink. Notice that we don’t cut edges that induce flow in the opposite direction.

Finding the cut with minimal cost is solvable in polynomial time.

Now lets consider a binary labeling problem. Binary labeling is equivalent to partitioning, so if we can construct a directed graph so that each of the green vertices corresponds to one of our variables and the cut cost of any partition is equal to the Energy of the corresponding assignment of variables, then we can solve our energy minimization problem by solving the graph cut problem – therefore solve it in polynomial time, which would be great, since our vision problem in general is NP-hard! Actually we only need equality of cut cost and Energy up to a constant, since the minimzation is not affected by a constant.

Mostly we don’t have binary but multi-label problems, but we can reduce any multilabel problem to a series of binary labeling problems, for example with the alpha-Expansion move, so it’s ok if we restrict ourselves to binary problems for now.

The big problem is to construct our directed, positive edge weight graph cut graph from the MRF – obviously it’s not the same graph since it has at least two additional vertices, the source and the sink, and is directed and because of the edge weights. In the applications we have seen so far, the secondary graph cut graph has always been constructed for exactly that application.

But what, if we have a new problem with a new energy function? How can we construct the secondary graph? Is it actually possible to construct such a graph or are we wasting our time trying?
[image: image3.png]®
2
=
o
7}
1

»

S
e
ﬂ.ﬂ\.\\




Evaluating the Graph Cut Method :

[image: image4.png]Graph Cuts — pro et contra
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- easy to checkif applicable

- construction algorithm for arbitrary
regular F2/F3 energies

- polynornial time

- good performance even with
slightly non-regular terms

- only specific energy functions

- local minima with
non-regular energies
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multi-label problems

- only one configuration (MAP)





Energy Functions
A standard form of the energy function is
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 is a neighborhood system on pixels.
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 is a function derived from the observed data that measures the cost of assigning the label fp to the pixel p.
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 measures the cost of assigning the labels fp; fq to

the adjacent pixels p; q and is used to impose spatial

smoothness.

What Energy Functions Can Be Minimized via Graph Cuts?
Two classes of energy functions have been listed by Kolmogorov and Zabih . Let[image: image9.png]e {0, 1}



  be a set of binary-valued variables.

The class F2 of the functions is defined as to be functions that can be written as a sum of functions of up to two binary variables at a time,
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We define the class F3 to be functions that can be written as

a sum of functions of up to three binary variables at a time,
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Obviously, the class F2 is a strict subset of the class F3.

There is no restriction on the signs of the energy functions or of the individual terms.
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(Proof. "What Energy functions can be minimized via Graph Cuts",
V. Kalmagarey, R. Zabih, 2004)

Remark: Minimization of non-regular Energy is NP-hard





The Energies we considered so far are called F2-Energies. They consist of singular and pairwise – at most pairwise – energy-terms, that’s why F2.

For these Energies we get the following theorem:

An F2-Energy E is graph representable exactly if a regularity constraint is true. Notice: The regularity-constraint only includes pairwise energy-terms – the singular terms are free, they can be anything. The pairwise terms are supposed to ensure smoothness, thereby penalize differences in neighbouring pixels and this is, what regularity generally means: The sum of the energies of equal assignments shall be less than the sum of the Energies of different assignments – diversity shall be penalized more than smoothness.

A complete proof of this theorem can be found in this paper by Kolmogorov and Zabih.

So now we are guarantied the existence of a secondary graph cut graph and therefore can theoretically solve an energy minimization problem in polynomial time, provided the energy terms are regular. The paper even adds and proves one further remark: The Minimization of an arbitrary non-regular Energy is NP-hard – not good for us.

But the best part about this theorem is, that it is not just some theoretical guarantee, that a graph cut solution is generally possible – no the proof of the reverse direction is constructive. So they show how to find the graph-cut-graph given a regular Energy 

Graph Construction:
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More general energy function: 
Let’s now add to the singular and pair wise energy term triple energy terms, which for example can be very useful in a 3 camera scene reconstruction. For these F3-Energies we get the same powerful theorem as for F2-energies:

An F3-Energy E is graph representable exactly if the Energy E is regular.

The general definition of regularity thereby is, that all pair wise projections must be regular, for example if we fix all variables but the first two, then the regularity constraint must hold for this projected Energy: The sum of the energies for equal assignments must be less than the sum of the energies of different assignments.

The complete proof of this theorem can again be found in the Kolmogorov/Zabih paper, but for us the construction of the graph, once we have a regular energy, is interesting – and it is very similar to the proof before.
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