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Abstract

Geometric structures of various kinds play a central role in robotics, visibility computations,
and motions planning. Of particular interest are structure s such as visibility graphs, tangent
graphs, Voronoi diagrams, and visibility complex.

Pacchiola and Vegter [L3] introduced the visibility comple x of a collection O of n pairwise
disjoint convex objects in the plane. This 2{dimensional ce Il complex may be considered as a
generalization of the tangent visibility graph of O. Its space complexity k is proportional to
the size of the tangent visibility graph. They have given an O(nlogn + k) algorithm for its
construction. Furthermore they have shown how the visibili ty complex can be used to compute
the view from a point or a convex object with respect to O in O(m logn) running time, where m
is the size of the view. The view from a point is a generalization of the visibility polygon of that
point with respect to O.

In this paper, we give an optimal parallel algorithm that com putes the visibility complex for
a a polygonal senceO with O(n)-nodes in total, which runs in O(log n) time using O(n logn + k)
processors in the CREW PRAM model, where k is the number of vertices.
keywords : visibility complex, visibility, parallel algorithms.

1 Introduction

Problems involving visibility and shortest paths in simple polygons form a well-studied class of prob-
lems in computational geometry (e.g., se€]5,18]). Given a siple polygon P, the problems deal with
properties of P relative to the metric de ned so that the distance between two points p an g is the
length of the shorest path betweenp and g that does not cross the boundary ofP. If the shorest path
betweenp and g is a straight line, then one says thatp is visible from q.

Pocchiola and Vegter [1B] have developed 2D visibility comlgx which is a topological structure
encoding the visibility of a 2D scene. The idea is to group rag which \see" the same objects. The
central concept is that of maximal free segments These are segments of maximal length that do not
intersect the interior of the objects of the scene. More intutively, a maximal free segment has its
extremities on the boundary of objects, it may be tangent to djects but does not cross them. A
line is divided in many maximal free segment by the objects itintersects. A maximal free segment
represents a group of colinear rays which see the same objsctThe visibility complex is the partition
of maximal free segments according to the objects at their exemities.

The size of the complex is characterized by the numbek of vertices which is ( n) and O(n?) (n
being the number of convex objects). Pocchiola and Vegter |] proposed an optimal algorithm for
its construction, which runs in O(klogn) time. With this structure, the view around a point can be
computed in O(m logn), where m is the size of view.

In this paper, we give an optimal parallel algorithm that computes the visibility complex for a
a polygonal senceO with O(n)-nodes in total, which runs in O(logn) time using O(nlogn + k)
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Figure 1: Dual transformation.

processors in the CREW PRAM model, wherek is the number of vertices. The rest of this paper is
organized as follows: In Sectiod2 we give a short review of thgeometric data structures we used
in our algorithm. In Section Blwe review the visibility complex and in section[@ we give our parallel
algorithm for constructing the visibility complex.

2 Peliminaries

In this section we present a number of preliminary de nitions and observations, some of which are
algorithmic and some of which are geometric.

2.1 Point-Line Duality

Geometric transformations are among powerfull tools in corputational Geometry. A well-known
transformation is point-line duality which introduced for the rsttime in [4J17]l This transformation

is de ned on a 2-sided plane[[1l7]. The2-sided planeis an extension of the normal plane in which each
line in the primal plane can map to two points, depending on its direction.

The point-line dualization maps a point p to a line D, by the following construction: Construct
a line | through p and the origin, and let d denote the distance fromp to the origin. D, is the line
perpendicular to | at a distance 1=d from the origin on the opposite side of the origin fromp. D, is
de ned to be oriented left (resp. right) if the origin is on it s relative to the top (resp. bottom) side
of the plane andp is on the top (resp. bottom) side of the plane. This transformation maps lines to
points by using the reverse of the above. The transformations illustrated in [

Observation 2.1 The dualization is self inverting, taht is, Dp ,= p.

Observation 2.2 Dualization maps convex polygons to convex polygor|s [17].

2.2 Polygon-Cutting Theorem and Decomposition Trees

Consider a simple triangulation of a polygonP. D is de ned as its planar dual excluding the exterior
face of P. A triangulation of P can be constructed inO(log n) time and O(n logn) space usingO(n)
processors by a method of Goodrich[]9]. Sinc® is built upon a triangulation of a simple polygon,
we know that p 3.

The polygon-cutting theorem of Chazelle [3] states that thee is an edge oD that, when removed,
divides D into two subtrees such that the subpolygon associated with ach subtree has at least one-
third and most two-thirds as many vertices asP. Recursively repeating this division on each subtree
de nes a binary tree, T. The construction of this O(log n)-depth tree T can be implemented in parallel
in O(log n) time using O(n) processors(B].



Figure 2: Dual Graph and Decomposition tree of Polygon.

Each nodev in T coresponds to a subtree oD which is donated by D, and a subpolygon ofP
which is denoted by P,. Vv is also associated an edgee() of D which divides P, into two polygons
named P, and P,,, where w;u are the children of v in T. Dual graph and decomposition tree are
illustrated in 21

2.3 Visibility from an Edge

Goodrich et al [9] showed how to use the result of the previousection to compute the portion of
P that is visible from a distinguished edgee. Moreover, they showed that in fact it can be used to
compute a data structure similar to that of Chaselle and Guibas [4] for determining the rst point on

the boundary of P hit by a ray emanating from a point on e. Their method runs in O(logn) time

using O(n) processors and for the query problem, allows shooting quégs to be answered inO(log n)

time by a single processor.

3 The Visibility Complex

We consider a set ofn disjoint objects in the plane that represent obstacles to tre propagation of
either the light or a robot. The visibility graph is an import ant data structure in this context. For a
scene of convex objects in the plane, it is made of the bitanges which do not intersect any object.
But this structure is too poor to allow for global visibility queries such as main- taining a view around
a point or other global visibility computation.

That is why Pocchiola and Vegter [13] introduced the visibility complex, a data structure for
visibility of 2D scenes.

3.1 De nition

We limit ourselves to convex objects and add an innite \blue &y" object to the scene for the sake of
coherence. We consider the set of maximal free segments ofettscene, that is, segments in free space
(interior of the objects removed) of maximal length. The visibility complex is a 2-dimensional cell
complex which is a partition of the set of maximal free segmets according to their visibility. It is
composed of three types of elements (see Figuig 3):

Vertices are 0-d components: a vertex corresponds to a segmtetangent to two objects and
touching two other objects at its endpoints.

Edges are 1-d components: an edge corresponds to the segnemhngent to one object and
touching two other objects.
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Figure 3: Elements of the visibility complex.

Scene Dual space

Figure 4: Dual arrangement of a scene and some lines.

Faces are 2-d components: a face is the set of segments thautth the same pair of objects, i.e.,
that \see" the same objects.

In order to visualize these elements we consider a duality tation which associates a point with a
line and vice versa. If we represent the lines in a dual spacdor example xsin + ycos = u 7!
(;u), then a given object has for each two tangents, (; ())and (; ()). ()and () describe
two curves in the dual space. Each line (u) such that () <u< () intersects the object. For
a scene of objects, these curves partition the dual space iatconnected components corresponding to
lines intersecting the same objects. This partition is caled the dual arrangement (see Figurl4).

The maximal free segments can be canonically projected ontthe lines, and the edges of the
complex are projected onto the curves of tangency, which cahelp to visualize them (see FigurdDb).
In the dual space, we notice that:

An edgeis delimited by two vertices and incident to three faces.
A vertex s incident to four edges and six faces.

A faceis delimited by two chains of vertices and edges.

The size of the complex is characterized by the numbem of vertices which is (n) and O(n?)
(with n the number of convex objects).
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Figure 5: Structure of a face in the scene and its projection oto the dual plane.



To have a more complete introduction to the visibility complex, refer to [T3] or [6].

3.2 Construction

The original paper on the visibility complex by Pocchiola and Vegter describes how the visibility
complex of curved convex objects can be constructed i®(n logn + k) optimal time and O(k) working
set, wheren is the number of objects andk is the number of free bitangents among the objects,
which is proportional to the size of the visibility complex [[L3]. In [IZ], Pocchiola and Vegter present a
practical construction algorithm for the visibility compl ex which runs in O(nlogn + k) time and O(n)
space, using greedy pseudo-triangulation. (The environnm@ consists ofn disjoint convex obstacles of
constant complexity.)

The straight sweep proposed by Pocchiola and Vegter [11], mning in O(mlogn) time is the
solution currently implemented (see [14] for implementatbn details).

An implementable optimal algorithm has been proposed in[[1P, using a topological sweep. It runs
in optimal O(m + nlogn) time and optimal O(n) space.

In these algorithms objects were assumed to hav®(1) complexity which can be restrictive. Rivere
[15] has proposed and implemented an algorithm for the constiction of the visibility complex of scenes
of simple polygons. It runs in optimal O(m + nlogn) time and O(n) space, and handle the problems
of degeneracies.

The construction of the complex can be achieved by a sweep ofsi vertices [10]. In our parallel
algorithm, we use this approach to maintain the visibility complex. We assign with each vertex a list
of the edges and faces incident to it. When a vertex is swept, & must update the relations between
the edges and the faces.

4 Parallel Construction of Visibility Complex

SupposeO is a collection of convex polygons in a 2D scene, and is the set of its polygonal vertices.
The problem is the parallel computation of V, the visibility complex of P. Our method for computation
of V is based on the result of sectiofiZ]3 and two lemmas, one geotrie and one algorithmic.

4.1 A Dual Characterization

As observed by Edelsbrunner et al.[[I7], the set of lines thatritersect a line segment p; q) corresponds
to the set of points in the dual plane between the dual linesD, and Dq. This structure is called the
double wedge for the segment({; ). As we observe in the following lemma, this structure can ao be
used to characterize visibility graph edges (see FigurEl 6).

Lemma 4.1 Let P is a simple polygon. LetP, and P,, be two disjoint subpolygons of P, separated
by a common diagonale. There isa visibility graph edge from a vertexp in P, to a vertexq in P, if
and only if all of the following conditions hold:

1. pis visible from e; hence, there is a segmens, corresponding top in Vis(e;PR,).
2. qis visible from e; hence, there is a segmens, corresponding toq in Vis(e;Py).

3. sp intersects sq and this intersection point is inside the double-wedge de ed bye.

Proof: Suppose each of the above conditions hold. We must show that is visible from g. Each point

on s, is the dual of a line that passes throughp. Moreover, by the de nition of Vis(e;P,), each point

on sy is the dual of a line that intersects e (and no other points on the boundary of P betweenp and

e). A similar property holds for g, sq, and e. Also, the intersection of s, and sq corresponds to the
line * (in the primal plane) determined by p and g. Since the dual of" lies inside the double-wedge for
e (a shared edge oP, and P,), * cannot intersect any points of P betweenp and g. The arguments

for the \only if" part of the proof follow by a similar argumen t (in reverse order, of course).
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Figure 6: Visibility subdivisions and the double-wedge fore [9].

4.2 Two-Set Intersection Reporting

The algorithmic lemma we use for the visibility complex problem is very similar to that of [B] and
involves an e cient parallel method for intersecting two co llections of non-intersecting segments. The
base of the proof is similar to that of [9].

Lemma 4.2 Suppose we are given two sets of line segmengsand B, such that no two segments irA
(resp., B) intersect, except possibly at endpoints. Then we can compei all the pairwise intersections
between segments i\ and B in O(log n) time using O(n + k=logn) processors in the CREW PRAM
model, wheren = jAj + jBj and k is the number of answers.

Proof: The method is based on the approach of Reb[[16], but improveshe number of processors
needed for reporting the answers by a logarithmic factor. Tke main idea is to build a (single) segment
tree on the z-coordinates de ned by the segments inA and B as in [1]. The leaves of this tree
correspond to slabs de ned by placing vertical lines betwee consecutive endpoint z-coordinates.
Internal nodes in this tree correspond to the union of the slés associated with their descendants.
For eachv in this tree, one constructs a list Ca (v), where Cp (V) is the list of all segments in A that

span the slab, ., for v, but do not span the slab, ., for v's parent z. These lists are sorted by
the \above" relationship. We de ne Cg (V) lists similarly for the segments in B. Using the method

of Atallah, Cole, and Goodrich [1], one can construct all these lists in O(log n) time and O(nlogn)

space usingO(n) processors.

By a lemma similar to one given by Chazelle[[#], it is easy to sbw that if two segmentss 2 A and
t 2 B intersect, then there must be a nodev such that (1) s2 Ca(v) andt 2 Cg(V), (2) s2 Ca(V)
and t has an endpoint in , or (3) t 2 Cg(v) and s has an endpoint in . See Figure[¥.) We
can determine all intersections of type 1 by mergingCa (v) and Cg (V) twice: the rst time with
comparisons based on (a) segment intersections with the lefrertical boundary of  and the second
time with comparisons based on (b) segment intersections wh the right vertical boundary of . For
a segments in Cp (v) the segments inCg (V) betweens's rank in Cg (v) based on (a) verses's rank
based on (b) are exactly the segments irCg (V) that intersect s. This computation can be performed
in O(log n) time using O(n) processors, by the merging method of Bilardi and NicolaullR (applied at
eachv in parallel).

However, for type 2 and type 3 intersections, we must use a merinvolved procedure than this.
Since the segments inA (resp., B) do not intersect, we can apply the fractional cascading tebnique
of Chazelle and Guibas, as implemented in parallel by Atalld, Cole, and Goodrich [1]. This allows a
single processor to locate a single poinp in the Ca (v) list (resp., Cg (V) list) for each v such that p
isin  in O(logn) time, for these v's de ne a leaf-to-root path. Thus, by assigning a processoto
each segments in A we can locate the endpointsp and q of s in each Cg (v) such that p and q are
in  in O(logn) time. We can then \read o " all the intersections of s with the segments in Cg (V)
{ they are exactly the segments between the positions op and q in the list Cg (v). If, on the other
hand, only one of the endpoints fors (say, p) is in the slab , then we must locate, in the list Cg (Vv),
the point ¢° where s intersects one of the vertical boundaries for . If the other endpoint, g, on's is



Figure 7: The characterization of intersections [9].

in , wherew is v's sibling, then we can a ord to perform a binary search to locate the position of
g®in Cg (v), for this case can occur in at most two nodes in the tree. We canot a ord to perform a
binary search for o, however, if g is notin .

Fortunately, if gis notin ,, then sisin Ca(w) by de nition. Therefore we can nd the position
of g in Cg (v) by merging Cg (v) with Ca (w), basing comparisons on they-coordinates of segment
intersections with the vertical line separating the slabs br v and w. This provides the position of ¢°
in Cg (v) for all segmentss with p2 , but q2 ,, wherew is v's sibling, and can be implemented
in O(log n) time using O(n) processorsl[2]. We can then \read o " all the intersections of s with the
segments inCg (V) { they are exactly the segments between the positions op and ¢ in Cg(v). We
can perform a similar computation for each segmens from B.

Note that this method gives us, in O(log n) time for each segments, an implicit representation of
all the intersections s has with segments in the other set. Given this information fa all the segments,
we may, after a parallel pre x computation, globally allocate enough processors to report all of these
intersections optimally in O(log n) time, i.e., O(k=logn+1) processors. This establishes the lemma.

4.3 Computing the Visibility Complex

Having presented previous two lemmas, we are now ready to gévour method for construction of
visibility complex V. We use the method describe in sectiofiZ312 by sweeping the uares of V.

Before we begin, recall that, as stated in sectiofi=311, eachevtex of visibility complex is the dual
of an edge of the visibility graph. Each time a new visibility edge, or equally, a complex vertex is
found, we update the list of edges and faces stored in the congx vertices. Our method is to apply
the result of [9] stated in section[Z3B to construct the sub-dvisions Vis(e,; Py) and Vis(ey; Py) for
each nodev in the polygon-cutting decomposition tree T for P, where u and w are the children of
v. Moreover, we perform this computation for eachv in parallel. This can be done inO(log n) time
using O(n logn) processors[[B]. We then use the method of Lemma=.2 to compeitfor each nodev
in T the intersection of the segments inV is(ey;; P,) with the segments in Vis(e,; Py). This requires
O(log n) time using O(nlogn + k=logn) processors, where is the number of answers. By LemmdZl1
each intersection point corresponds to an edge in the visibity graph. Thus, we have the following:

Theorem 4.3 Given a polygonal senceD with O(n)-node in total, one can construct the visibility
complex for O in O(logn) time using O(nlogn + k) processors in the CREW PRAM model, wherek
is the number of vertices.

5 Conclusion

In this paper we studied the problem of computing the visibility complex in parallel. We rst showed
how to compute all the pairwise intersections between segnmts of two segment setsA and B in
O(logn) time using O(n + k=logn) processors, wheren = jAj + jBj and k is the number of answers.
Having this and by using the point-line duality, we showed haw to construct the visibility complex in



O(logn) time using O(nlogn + k) processors in the CREW PRAM model. Heren is the number of
polygonal vertices of scence and is the number of vertices of visibility complex.
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