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Abstract

W e in tro duce and analyze a minimal net w ork mo del of seman tic memory in the h uman brain.

The mo del is a global asso ciativ e memory structured as a collection of N lo cal mo dules, eac h

co ding a feature, whic h can tak e S p ossible v alues, with a global sparseness a (the a v erage fraction

of features describing a concept). W e sho w that, under optimal conditions, the n um b er cM of

mo dules connected on a v erage to a mo dule can range widely b et w een v ery sparse connectivit y

( high dilution , cM =N ! 0) and full connectivit y ( cM ! N ), main taining a global net w ork storage

capacit y (the maxim um n um b er pc of stored and retriev able concepts) that scales lik e pc � cM S2=a,

with logarithmic corrections consisten t with the constrain t that eac h synapse ma y store up to a

fraction of a bit.

�
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I. INTR ODUCTION

Hebbian asso ciativ e plasticit y app ears to b e the ma jor mec hanism resp onsible for sculpt-

ing connections b et w een p yramidal neurons in the cortex, for b oth short- and long-range

systems of synapses. This and other lines of evidence [1] suggest that autoasso ciativ e mem-

ory retriev al is a general mec hanism in the cortex, o ccurring not only at the lev el of lo cal

net w orks, but also in higher order pro cesses in v olving man y cortical areas. These areas

are often regarded b oth from the anatomical and from the functional p oin t of view as dis-

tinct but in teracting mo dules, indicating that in order to mo del higher order pro cesses w e

m ust �rst understand b etter ho w m ultimo dular autoasso ciativ e memories ma y op erate. In a

class of mo dels conceiv ed along these lines, neurons in lo cal mo dules, in terconnected through

short-range synapses, are capable of retrieving lo cal activit y patterns, whic h com bined across

the cortex and in teracting through long-range synapses, comp ose global states of activit y

[2]. Since long-range synapses are also mo di�ed b y asso ciativ e plasticit y , these states can b e

driv en b y attractor dynamics, and suc h net w orks are capable of retrieving previously learned

global patterns.

This could serv e as a simple mo del of seman tic memory retriev al. The seman tic memory

system, as opp osed to episo dic memory , stores comp osite concepts, e.g. ob jects, and their

relationships. Although information ab out distinct features p ertaining to a giv en ob ject

(e.g. its shap e, smell, texture, function) ma y b e pro cessed in di�eren t areas of the cortex,

a cue including only some of the features, e.g. the shap e and color, ma y su�ce to elicit

retriev al of the en tire memory represen tation of the ob ject. Imaging studies sho w that,

though distributed across the cortex, this activit y is sparse and selectiv e, and migh t in v olv e

regions asso ciated to the concept b eing retriev ed, ev en if not directly activ ated b y the cue [3].

This pro cess could w ell �t a description in terms of autoasso ciativ e m ultimo dular memory

retriev al. In this p ersp ectiv e, while a lo cal mo dule co des for div erse v alues of a giv en feature,

a com bination of features giv es rise to a concept, whic h b eha v es as an attractor of the global

net w ork and is th us susceptible of retriev al. The t w o-lev el description that c haracterizes this

view is the principal di�erence with other attempts to describ e seman tic memory in terms

of featural represen tations [4].

In order to reduce the complexit y of a full m ultimo dular mo del [5, 6 ] one can consider

a minimal mo del of seman tic memory , whic h can b e though t of as a global autoasso ciativ e

2



memory in whic h the units, instead of represen ting, as usual, individual neurons, represen t

lo cal cortical net w orks retrieving one of v arious ( S) p ossible states of activit y . The com bined

activit y of these units generates a global state, whic h follo ws a retriev al dynamics. The �rst

question arising from this prop osal is ho w the global storage capacit y of suc h a net w ork is

related to the di�eren t lo cal and global parameters.

In the follo wing section of this pap er w e presen t the mo del in mathematical terms. In the

third section w e compare, through a simple signal-to-noise analysis, di�eren t mo del v arian ts

prop osed in the literature and extract the minim um requiremen ts for a net w ork of this kind

to p erform e�cien tly in terms of storage capacit y . In the fourth section w e analyze with

more sophisticated tec hniques the simplest mo del endo w ed with a large capacit y (the sparse

P otts mo del) and, in particular, in teresting cases suc h as the v ery sparse and the high- S

limits. F ollo wing this w e study mo di�cations to the mo del that mak e it more realistic in

terms of connectivit y . Finally , w e relate the results from the previous sections to a simple

information capacit y analysis.

I I. S -ST A TE FULL Y CONNECTED NETW ORKS

Autoasso ciativ e memories are net w orks of N units connected to one another b y w eigh ted

synapses. These synapses are trained in suc h a w a y that the net w ork presen ts, in the ideal

case, a n um b er p of preassigned attractor states, also called stored patterns, or memories,

represen ted b y the v ectors

~� �
, with � = 1:::p. If the state of the net w ork is forced in to the

vicinit y of an attractor (e.g., b y presen ting a cue correlated with one of the stored patterns)

the natural dynamics of the net w ork con v erges to w ard the attractor, in state space, and the

memory item is said to b e retriev ed. A substan tial amoun t of the literature on attractor

net w orks is dev oted to study the relationship b et w een the n um b er and t yp e of stored patterns

and the qualit y of retriev al.

The state of a net w ork at a giv en momen t is giv en b y the state of eac h of its units, � i

for i = 1:::N . The �rst quan titativ e analyses of autoasso ciativ e memories w ere of binary

mo dels [7], in whic h units could reac h t w o p ossible states, +1 (activ e unit) and � 1 (inactiv e

unit), resem bling Ising

1
2 spins. In our case, in whic h units do not represen t single neurons

but rather lo cal net w orks, w e w an t activ e units to b e able to reac h one of S p ossible states,

while inactiv e units remain in a 'zero' state. W e th us c ho ose the notation � i = k for an
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activ e unit in state k and � i = 0 for an inactiv e unit. This particular c hoice has no e�ect

on the results, since all quan tities can b e transformed to some other notation. On the other

hand, the stored patterns

~� �
can b e simply though t of as sp ecial states of the net w ork. F or

this reason, it is natural to c ho ose the same kind of represen tation for the activit y of a unit

i in pattern � , � �
i .

Although in the �rst binary mo dels of autoasso ciativ e memories patterns where con-

structed with a distribution of equally probable activ e and inactiv e units, the searc h of an

accurate description of activit y in the brain made it necessary to in tro duce sparse represen-

tations. This prop ert y of autoasso ciativ e memories is describ ed b y the sparseness a, de�ned

as the a v erage activit y (the a v erage fraction of activ e units) in the stored patterns. In our

case, b ecause w e are assuming all S di�eren t activit y states to b e equally probable, w e

consider patterns de�ned b y the follo wing probabilit y distribution

P(� �
i = 0) = 1 � a

P(� �
i = k) = ~a �

a
S

(1)

for an y activ e state k . In this w a y the probabilit y to �nd an activ e unit in a pattern is the

sparseness a. F or sp arse co des, this quan tit y is closer to 0 than to 1.

F ollo wing the assumption of Hebbian learning and, as is usual for a simpli�ed analysis,

symmetry in the w eigh ts ( Jij = Jj i ), a general form for the w eigh ts is

J kl
ij =

1
E

pX

� =1

v� �
i kv� �

j l (2)

where E is some normalization constan t and vmn is an op erator computing in teractions

b et w een t w o states.

As one can notice, the long-range synapse w eigh ts in Eq. 2 ha v e di�eren t v alues for

di�eren t pre- and p ost- synaptic states k and l . In this w a y w e do not in tend to mo del the

actual distribution of synapses going from one cortical area to another (since they connect

neurons and not abstract states), but rather the general mec hanism of comm unication b e-

t w een these areas. In a recen t study [8], the authors ha v e raised the issue of �nding the

most suitable description of global cortical net w orks in terms of single long-range synapses

connecting distan t lo cal areas. Applying statistical to ols (Dynamic Causal Mo deling), they

prop ose that MRI data can b e describ ed as pro duced b y net w orks with category sp eci�c

forw ard connections, roughly the kind of connections mo delled b y Eq. 2.
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The state of generic unit i is determined b y its lo cal �elds hk
i , whic h sum the in�uences

b y other units in the net w ork and are de�ned as

hk
i =

X

j 6= i

X

l

J kl
ij u� j l � U(1 � � k0) (3)

where w e in tro duce the op erators umn , analogous to vmn , and a second (threshold) term,

whic h has the function of regulating the activit y lev el across the net w ork [9, 10 ]. The unit

i up dates its state � i , with an async hronous dynamics, in order to maximize the lo cal �eld

h� i
i . In the general case, the probabilit y to c ho ose the state k is de�ned as

P(� i = k) =
exp(�h k

i )
P S

l=0 exp(�h l
i )

where � is a parameter analogous to an in v erse temp erature.

Finally , w e can include all of these elemen ts, as is usual for the study of attractor net w orks,

in to a Hamiltonian framew ork. The Hamiltonian represen tation of binary net w orks can b e

extended to S-state mo dels as

H = �
1
2

NX

i;j 6= i

SX

k;l

J kl
ij u� i ku� j l + U

NX

i

SX

k6=0

u� i k (4)

Note that for the case S = 1 , Eq. 4 generalizes the Hamiltonians used in binary net w orks,

giv en appropriate de�nitions of the w eigh ts J kl
ij and of the op erators umn .

W e no w sp ecify a form for the umn and vmn op erators. In the simplest and most symmetric

case these op erators ha v e t w o alternativ e v alues, dep ending on whether m and n are equal

or di�eren t states

umn = ( � u � mn + � u)

vmn = ( � v � mn + � v)(1 � � n0) (5)

where w e ha v e in tro duced four parameters. P articular c hoices for these parameters de�ne

the di�eren t mo dels in whic h w e are in terested, including sev eral prop osed in the literature.

In the v op erators, whic h de�ne the v alue of the w eigh ts, w e ha v e included a factor whic h

ensures J kl
ij = 0 if either k or l are the zero state, to implemen t the idea that Hebbian

learning o ccurs only with activ e states. As w e will see b elo w, this app ears to b e a crucial

elemen t in the mo del.
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I I I. SIGNAL-TO-NOISE ANAL YSES

W e no w sho w that, within the group of mo dels de�ned in the previous section, there is

a family (whic h w e call 'w ell b eha v ed') that exploit m ultiple states and sparseness in an

optimal w a y in terms of storage capacit y or, as usual, of � � p=N . W e b egin b y applying

an adjusted v ersion of the argumen ts dev elop ed in [9].

A signal-to-noise analysis is a simpli�ed w a y to estimate the stabilit y of stored patterns

b y studying what happ ens to a generic unit i during the p erfect retriev al of a giv en pattern,

assessing whether the state of this unit is lik ely to b e stable or not. W e can c ho ose this

retriev ed pattern to b e

~� 1
without loss of generalit y . Eq. 3 can then b e rewritten as

hk
i =

1
E

v� 1
i k

X

j 6= i

X

l

u� j lv� 1
j l +

1
E

X

�> 1

v� �
i k

X

j 6= i

X

l

u� j lv� �
j l � U(1 � � k0) (6)

where the terms in the RHS stand for signal ( &), noise ( � ) and threshold resp ectiv ely . Gen-

erally sp eaking, if the �eld had only the signal part then the state w ould b e stable, but the

noise can destabilize it.

As usual in this kind of analysis, w e consider the con tribution of the noise term in Eq. 6

as if it w ere a normally distributed random v ariable, i.e. through its a v erage and its standard

deviation. In general b oth quan tities scale lik e p, but in some sp ecial cases the a v erage noise

is zero and the standard deviation scales only lik e

p
p, whic h means that one can store more

patterns, as the noise lev el is reduced. It is clear that the w ell b eha v ed family of mo dels

whic h w e are lo oking for m ust �t in to this fa v orable situation. As w e said, a necessary but

not su�cien t condition is the a v erage of the noise to b e zero. There are t w o w a ys of imp osing

this in to the mo del. The �rst w a y is to mak e � u = � ~a� u , but in this case the standard

deviation still scales lik e p. The second w a y is to use

� v = � ~a� v (7)

whic h mak es the standard deviation scale lik e

p
p. Including this condition, the a v erage

signal and the standard deviation of the noise are

& =
N� 2

v

E
� u~a(1 � ~a)S(� � 1

i k � ~a)(1 � � k0)

� =
N� 2

v

E
� u~a(1 � ~a)

vu
u
t �a

(

1 � ~a

"

1 �
�

1 �
� u

~a� u

� 2
# �

1 � a
1 � ~a

� )

(1 � � k0)
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where terms of order 1=N ha v e b een discarded.

The storage capacit y � c can b e estimated as the largest v alue of � for whic h h� 1
i

i is still

lik ely to b e the largest among all S+1 lo cal �elds. The situation is quite di�eren t dep ending

on whether � 1
i is in an activ e state or not, so one needs to analyze b oth cases. Note �rst

that h0
i = 0 , so if � 1

i = 0 the rest of the lo cal �elds m ust b e negativ e. F or this to hold true

at least within one standard deviation of the noise distribution w e require &� U � � < 0, or

in other w ords

a +
U E

N� 2
v � u~a(1 � ~a)

>

vu
u
t �a

(

1 � ~a

"

1 �
�

1 �
� u

~a� u

� 2
# �

1 � a
1 � ~a

� )

where w e ha v e adopted a p ositiv e � u .

In the case in whic h � 1
i is not the zero state t w o conditions m ust b e ful�lled, namely

h� 1
i

i > h 0
i and h� 1

i
i > h k6= � 1

i
i . These conditions can b e condensed in to

S(1 � ~a) �
U E

N� 2
v � u~a(1 � ~a)

>

vu
u
t �a

(

1 � ~a

"

1 �
�

1 �
� u

~a� u

� 2
# �

1 � a
1 � ~a

� )

The most stringen t of these 2 conditions determines � c . By c ho osing a suitable threshold

U = N
E � 2

v � u~a(1� ~a)
�

S
2 � a

�
b oth conditions are made equiv alen t, th us optimizing the storage

capacit y . This c hoice determines a storage capacit y of

� c '
S2

4a

(

1 � ~a

"

1 �
�

1 �
� u

~a� u

� 2
# �

1 � a
1 � ~a

� ) � 1

(8)

Note that the expression b et w een curly brac k ets is equal to or greater than 1 � ~a. As

a consequence, the system remains optimal as long as this expression remains of order 1,

whic h, considering alw a ys a to b e closer to 0 than to 1, o ccurs when the expression

�
1 � � u

~a� u

� 2

remains of order 1. F or this to b e true w e m ust imp ose

j� u j . ~a� u (9)

W e th us de�ne the w ell b eha v ed mo dels as those whic h ful�l the conditions giv en b y Eq.

7 and Eq. 9. This simple analysis indicates that the storage capacit y of mo dels in the w ell

b eha v ed family scales lik e S2=a.

In the follo wing subsections w e examine di�eren t mo dels prop osed in literature, b oth

within and outside the w ell b eha v ed family .
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A. Symmetric P otts mo del

The symmetric P otts mo del w as the �rst S-state neural net w ork to b e prop osed [11]. Its

units can reac h S equiv alen t states but no zero state. Though simple, a mo del constructed

with these elemen ts is enough to sho w the S2
b eha vior of the storage capacit y , as w e will

see. It is de�ned b y setting

a = 1

U = 0

t w o conditions related to eac h other (if there is no zero state, the selectivit y mec hanism pro-

vided b y the threshold is not necessary). Moreo v er E = S2N , whic h is just a normalization,

and

� u = � v = S

� u = � v = � 1

The conditions giv en b y Eq. 7 and Eq. 9 are ful�lled, and the storage capacit y in Eq. 8 is

appro ximately

� c �
S2

4
pro vided S is large enough. The symmetric P otts mo del is then a w ell b eha v ed mo del of

sparseness a = 1 .

This mo del is studied analytically with replica to ols in [11], where the author �nds an

S(S � 1) b eha vior of the storage capacit y for lo w v alues of S. Unfortunately , the cited

w ork lac ks an analysis for high v alues of S, whic h is the in teresting limit for mo deling

m ulti-mo dular net w orks. It is not to o di�cult, ho w ev er, to clarify the b eha vior in this limit.

The replica storage capacit y is de�ned as the highest v alue of � for whic h there is a

solution to the equation

y =
� 1 + S

R
Dz[� (z + y)]S� 1

q
� (S� 1)

S +
R

zDzf [� (z + y)]S� 1 + ( S � 1)� (z � y)[� (z)]S� 2g
(10)

where

� (z) �
1 + erf( zp

2
)

2
(11)

Throughout this pap er w e use the gaussian di�eren tial Dz � e� z 2
2p

2�
dz, and the in tegration

limits, if not sp eci�ed, are - 1 and 1 .
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W e note that in Eq. 10 expressions of the form [� (z)]S
can b e appro ximated b y displaced

Hea viside functions for high v alues of S. Using this w e obtain an appro ximated analytical

expression for the storage capacit y

� c =

"
� (

p �
2 )

p �
2 +

p
2erf� 1(1 � ln(2)

S )

#2

S2
(12)

The factor b et w een brac k ets in this equation b eha v es lik e ln(S)� 1
2

for high v alues of S,

whic h means that the correction for high S to Kan ter's lo w S appro ximation is a factor of

order ln(S)� 1
.

W e sho w in Fig. 1 the results of sim ulations of a symmetric P otts net w ork ( N = 100)

con trasted with Kan ter's lo w S appro ximation and our o wn high S appro ximation of Eq.

12. The analytical predictions �t tigh tly the results of the sim ulations, b oth for lo w and

high S.

1 10 100 1000
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10

-1

10

0

10

1

10

2

10

3

10

4

10

5

S
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ra
g

e
 c

a
p

a
ci

ty
 - 

c

Number of states in a unit - S

 Kanter's low S approximation

 High S approximation

 Numerical solutions

 Simulations (N = 100)

Figure 1: Storage capacit y of a symmetric P otts net w ork of N = 100 units for increasing S . Both

axes are logarithmic. Blac k dots sho w n umerical solutions for Eq. 10, whic h o v erlap almost p erfectly

with the sim ulations (plus signs). F or lo w v alues of S ( S . 50) Kan ter's lo w S appro ximation �ts

w ell, while the high v alues of S are w ell �tted b y Eq. 12.

9



B. Biased P otts mo del

This mo del is prop osed and studied in [12]. The authors extend the symmetric P otts

mo del to an S-state net w ork with arbitrary probabilit y distribution for the states of the

units in stored patterns. W e adapt their formalism to the case of S equiv alen t states, a zero

state and sparseness a. The parameters are then

U = 0

E = N

umn = (( S + 1) � mn � 1)

vmn = ( � mn � Pn )

(13)

where Pk is the probabilit y of a unit in the stored patterns to b e in state k . This mo del do es

not �t exactly our description b ecause the v op erators generate w eigh ts J kl
ij that are not

necessarily zero when k or l are zero. The signal to noise analysis for this situation sho ws

a v ery p o or storage capacit y , scaling lik e a2
. If one adds a non-zero threshold ( U � a S

in the optimal case) the storage capacit y gro ws but remains of order 1. These t w o results

sho w that allo wing for non-zero w eigh ts to connect zero states is a dra wbac k for the system.

The p o or p erformance can, ho w ev er, b e impro v ed b y m ultiplying the v op erators b y the

corresp onding (1� � n0) factors, and b y adding a threshold. In this w a y , instead of Eq. 13 w e

in tro duce our de�nition, Eq. 5, for the v op erators, with the v alues for � 's and � 's arising

naturally from the mo del as

� u = S + 1

� u = � 1

� v = 1

� v = � ~a

U � aS

As in the symmetric P otts mo del, the condition giv en b y Eq. 7 is ful�lled. Ho w ev er, the

second condition (Eq. 9) can b e appro ximated for high S b y

a & 1=(1 + 1=S) � 1

whic h do es not stand true for sparse co ding. If, instead, a � 1, the critical v alue of � in

10



Eq. 8 can b e appro ximated as

� c �
S2

4a

�
1 +

1
a S

� � 1

Hence the storage capacit y of the biased P otts mo del can b e preserv ed close to optimal b y

imp osing an ad ho c relation b et w een t w o parameters that are a priori indep enden t, to assure

1 � a S. In this particular situation the mo del is w ell b eha v ed. In the opp osite limit, when

a S � 1, the storage capacit y scales lik e S3
, whic h is inferior to the S2=a b eha vior of the

w ell b eha v ed family .

C. Sparse P otts mo del.

The simplest v ersion of a w ell b eha v ed mo del is p erhaps the one in tro duced as a mo del

for seman tic memory [13 ], with the parameter v alues

E = Na(1 � ~a)

� u = � v = 1

� u = 0

� v = � ~a

U � 1=2

With these parameters, the sparse P otts mo del is clearly w ell b eha v ed, and the storage

capacit y in Eq. 8 b ecomes

� c '
S2

4a

IV. REPLICA ANAL YSIS

Ha ving in tro duced a simple mo del with optimal storage capacit y , w e can pro ceed to

analyze the corrections to the signal-to-noise estimation b y treating the problem in a more

re�ned w a y with the classical replica metho d. The Hamiltonian in Eq. 4 can b e rewritten

for the sparse P otts mo del as

H = �
1
2

NX

i;j 6= i

SX

k;l

J kl
ij � � i k � � j l + U

NX

i

(1 � � � i 0)
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with

J kl
ij =

1
Na(1 � ~a)

pX

� =1

(� � �
i k � ~a)( � � �

j l � ~a)(1 � � k0)(1 � � l0)

constructed using

vmn = ( � mn � ~a)(1 � � n0)

W e consider the limit p ! 1 and N ! 1 with the ratio � � p
N �xed. P atterns with

index � ( � ) are condensed (not condensed). F ollo wing the replica analysis [7] the free energy

can b e calculated as

f = lim
n! 0

a(1 � ~a)
2n

nX

� =1

X

�

(m�
� )2+

+
�

2n�
T r (ln[a(1 � ~a)(I � � ~aq)]) +

�� ~a2

2n

nX

�;� =1

q�� r �� +
~a
n

(
�
2

+ U S)
nX

� =1

q�� �

�
1

n�

**

ln T r � � exp

(

�
nX

� =1

X

�

m�
� v� � � � +

�� 2

2S(1 � ~a)

nX

�;� =1

r ��

X

k

Pkvk� � vk� �

)++

where Pk is the probabilit y of a neuron to b e in state k in a stored pattern, as de�ned in

Eq. 1. The order parameters m stand for the o v erlaps of the states with di�eren t patterns,

and q�� is analogous to the Edw ard-Anderson parameter [14], with the follo wing de�nitions

m�
� =

1
N a(1 � ~a)

**
NX

i =1

D
v� �

i � �
i

E
++

q�� =
1

N ~a a(1 � ~a)

NX

i =1

**
X

k

Pk

D
vk� �

i
vk� �

i

E
++

r �� =
S(1 � ~a)

�

X

�




m�

� m�
�

��
�

�
2S U

�
+ 1

�
� ��

� ~a

in suc h a w a y that they are all of order 1. Consider, for example, that if � �
i = � �

i for all i then

m�
� = 1 on a v erage, while m�

� = 0 on a v erage if b oth quan tities are indep enden t v ariables.

W e no w mak e t w o assumptions. First, w e consider for simplicit y that there is only one

condensed pattern, making the index � sup er�ous. Second, w e assume that there is replica

symmetry , and substitute

m�
� = m
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q�� =

8
<

:
q if � 6= �

~q if � = �

r �� =

8
<

:
r if � 6= �

~r if � = �

T aking this in to accoun t, w e arriv e to the �nal expression for the free energy

f = a(1 � ~a)
m2

2
+

�
2�

�
ln (a(1 � ~a)) + ln(1 � ~aC) �

�q ~a
(1 � ~aC)

�
+

+
�� ~a2

2
(~q~r � qr) +

h�
2

+ S U
i

~q~a �
1
�

** Z
Dz ln

 

1 +
X

� 6=0

exp(� H �
� )

!++

where the �nite-v alued v ariable C has b een in tro duced

C � � (~q � q)

in suc h a w a y that it is of order 1 and

H �
� � m v�� �

�a
S2

� (r � ~r )
2

(1 � � � 0) +
X

k

s
�r P k

S(1 � ~a)
zkvk� (14)

Note that H �
0 = 0 .

W e no w deriv e the �xed-p oin t equation for m as an example of ho w the limit � ! 1 is

tak en. The equation for �nite � is

m =
1

a(1 � ~a)

** Z
Dz

X

�

v��

2

4 1

1 +
P

� 6= � exp
n

� (H �
� � H �

� )
o

3

5

++

In the limit � ! 1 the expression b et w een brac k ets is 1 if H �
� > H �

� for ev ery � 6= � and

0 otherwise. It can b e th us expressed as a pro duct of Hea viside functions. The equation for

m at zero temp erature is then

m =
1

a(1 � ~a)

X

� 6=0

** Z
Dz v��

Y

� 6= �

�
�
H �

� � H �
�

�
++
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In the same w a y w e deriv e the rest of the �xed p oin t equations at zero temp erature

q �!
� !1

~q = 1
a

P
� 6=0

DDR
Dz

Q
� 6= � �

�
H �

� � H �
�

� EE

C = 1
~a2

p
�r

P
� 6=0

P
k

DDR
Dz

q
Pk

S(1� ~a) vk� zk
Q

� 6= � �
�
H �

� � H �
�

� EE

~r �!
� !1

r = q
(1� ~aC)2

� (r � ~r ) = 2 U S2

a� � C
1� ~aC

(15)

The di�erences b et w een r and ~r , and b et w een q and ~q, are of order

1
� . F rom the last equation

it can b e seen that the threshold U has the e�ect of c hanging the sign of (r � ~r ) and allo wing

� to scale lik e

S2

a , with the v ariables C , r and ~r , as w e ha v e said, of order 1 with resp ect to

a and S.

A. Reduced saddle-p oin t equations

It is p ossible to calculate the a v erages in Eqs. 15 b y reducing the problem to the follo wing

v ariables, whic h represen t resp ectiv ely signal and noise con tributions

y � m

r
S2

�a
(1 � ~a)

r
� m

r
(1 � ~a)

~�r

x �
~�� (r � ~r )

2

r
(1 � ~a)

~�r

where w e ha v e in tro duced the normalized (order 1) storage capacit y ~� � �a=S 2
, whic h

clari�es that b oth v ariables x and y are also of order 1.

A t the saddle p oin t, using equations 15 , w e obtain

y =
q

1� ~a
~�

�
mp

q+ C
p

r

�

x =
q

1� ~a
~�

�
U � ~�C

q
r
q

� h
1p

q+~aC
p

r

i
(16)

whic h sho ws that the relev an t quan tities to describ e the system are m; q, and C
p

r . F ollo wing

this w e compute the a v erages and get from Eq. 15 the corresp onding equations in terms of
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y and x

q =
(1 � a)

~a

Z
Dw

Z 1

y~a+ x� i
p

~aw
Dz� (z)S+

+
Z

Dw
Z 1

� y(1� ~a)+ x� i
p

~aw
Dz� (z + y)S + ( S � 1)

Z
Dw

Z 1

y~a+ x� i
p

~aw
Dz� (z � y)� (z)S� 1

m =
1

1 � ~a

Z
Dw

Z 1

� y(1� ~a)+ x� i
p

~aw
Dz� (z + y)S � q

~a
1 � ~a

C
p

r =
1

p
~� (1 � ~a)

�
(1 � a)

~a

Z
Dw

Z 1

y~a+ x� i
p

~aw
Dz(z + i

p
~aw)� (z)S+

+
Z

Dw
Z 1

� y(1� ~a)+ x� i
p

~aw
Dz(z + i

p
~aw)� (z + y)S +

+ ( S � 1)
Z

Dw
Z 1

y~a+ x� i
p

~aw
Dz(z + i

p
~aw)� (z � y)� (z)S� 1

�
(17)

Putting together Eqs. 16 and Eqs. 17 one can construct the system of t w o equations

that determine the storage capacit y . W e sho w an example of their solution in Fig. 2 for

the parameters U = 0:5, S = 5 and v arying sparseness, con trasting it with sim ulations of a

net w ork of N = 5000 units. This �gure sho ws quite a go o d agreemen t b et w een sim ulations

and n umerical solutions for a region of the sparseness parameter a, whereas for a < 0:3 �nite

size e�ects app ear, resulting in a lo w er storage capacit y than predicted theoretically .

B. Limit case

Giv en that the equations presen ted in the previous subsection are quite complex, w e no w

analyze the simpler and in teresting limit case ~a � 1. Though it is not eviden t from the

equations, the normalized storage capacit y ~� c go es to zero in a logarithmic w a y as ~a go es

to zero, whic h means that the storage capacit y is not as high as the simple signal to noise

analysis of section 3 migh t suggest. Our analysis of the replica equations for the symmetric

P otts mo del (Eq. 12) sho wing logarithmic corrections is an example of this. W e no w analyze

as another example the sparse P otts mo del in the case U = 0:5.

F or the limit of ~a � 1 one can appro ximate Eqs. 17 b y

m � � (y � x) (18 a )

q �
(1 � a)

~a
� (� x) + � (y � x) (18 b )

C
p

r �
1

p
2� ~�

�
(1 � a)

~a
exp

�
�

x2

2

�
+ exp

�
�

(y � x)2

2

��
(18 c )
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Figure 2: Dep endence of the storage capacit y of a sparse P otts net w ork of N = 5000 units on the

sparseness a. The blac k dots sho w n umerical solutions of Eqs. 16 and Eqs. 17 , while the red line

sho ws the result of sim ulations. F or v ery sparse sim ulations (lo w v alues of a) �nite size e�ects are

observ ed, whic h mak e the storage capacit y lo w er than predicted b y the equations.

whic h is still quite a complex system. W e can no w mak e some self consisten t assumptions.

First w e note that, considering x and y as v ariables that div erge logarithmically as ~a go es

to zero, Eqs. 18 b and 18 c indicate that

p
q � C

p
r . Second, for U = 1=2 it is p ossible to

consider x � y , and th us, from Eq. 18 a , y � 1=
p

2~� and x � "=
p

2~� , where " is a correcting

factor for x whic h is close to 1. With this in mind, and taking in to accoun t that ~� go es to

zero with ~a, w e can appro ximate Eq. 18 b and Eq. 18 c b y k eeping only the second term in

the �rst case and only the �rst term in the second. The equations for y and x can b e deriv ed

from Eqs. 18 b and Eqs. 16

y =

r
� (y � x)

~�

x =

"

2U �
1 � a

~a

r
~�
�

exp(�
x2

2
)

#
1

p
2~�

(19)
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Replacing x b y "=
p

2~� (and " b y 1 where irrelev an t)w e can appro ximate ~� as

~� =
1

4 ln
�

1
(2U� " )~a

�
(20)

Next, w e p osit that ~a� 1
is the larger factor in the logarithm, while (2U � ")� 1

giv es a

correction. A rough appro ximation for � c is then

� c =
S2

4 a ln
�

1
~a

�
(21)

whic h, inserted in 19 , giv es

(2U � ") = (1 � a)
�
4� ln

�
1
~a

�� � 1
2

This expression can b e re-inserted in to 20 in order to get a more re�ned appro ximation

� =
S2

4 a ln
�

2
~a

q
ln

�
1
~a

� � (22)

W e sho w in Fig. 3 that the appro ximation giv en b y Eq. 22 �ts quite w ell the n umerical

solution of the sparse P otts mo del's storage capacit y , particularly for v ery lo w v alues of ~a.

V. DILUTED NETW ORKS

In this section w e presen t t w o mo di�cations to our mo del whic h mak e the net w ork bio-

logically more plausible in terms of connectivit y .

First, after considering, to a zero

th
order appro ximation, the long range cortical net w ork

as a ful ly c onne cte d net w ork, w e no w wish to describ e it, to a b etter appro ximation, as

a net w ork in whic h the probabilit y that t w o units are connected is cM =N . T raditionally ,

analytic studies ha v e fo cused on t w o soluble cases: the fully connected, whic h w e ha v e

studied in the previous sections ( cM = N ), and the highly diluted ( cM . log(N ) ). A recen t

w ork has sho wn, ho w ev er, that the in termediate case is also analytically treatable and that

the storage capacit y of an in termediate random net w ork, regardless the symmetry in the

w eigh ts, stands b et w een the storage capacit y of the limit cases [15]. Supp orted b y this

result, w e will fo cus on the (easier) solution for the highly diluted case, and consider an y

in termediate situation to b e b et w een the t w o limits.
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Figure 3: Corrections to the

S2

a b eha vior of the storage capacit y of a sparse P otts net w ork for v ery

lo w v alues of ~a in the U = 0 :5 case. The normalized storage capacit y � ca=S2
is represen ted, with

blac k dots from n umerical solving Eqs. 16 and Eqs. 17 for t w o v alues of the sparseness: a = 0 :3

and a = 0 :0001; with color lines from the corresp onding appro ximation giv en b y Eq. 19.

The second mo di�cation re�ects the notion that, although the function of long range

connections is to transmit information ab out the state of a lo cal net w ork to another one, this

transmission migh t not b e p erfectly e�cien t. W e th us in tro duce an e�cacy e, the probabilit y

that, in the reduced P otts mo del, a giv en state of the pre-synaptic unit is connected with a

giv en state of the p ost-synaptic one.

In tro ducing these t w o mo di�cations, the w eigh ts of the sparse P otts mo del b ecome

J kl
ij =

Ckl
ij

cM ea(1 � ~a)

X

�

v� �
i kv� �

j l

where Ckl
ij is 1 with probabilit y e cM =N and 0 otherwise.

The lo cal �eld for the unit i and the state k can b e analyzed in to a signal, a noise and a

threshold part, just as in Eq. 3

hk
i =

X

j l

J kl
ij � � j l � (1 � � k0)U = (1 � � k0)

n
(� � 1

i k � ~a)mk
i + Nk � U

o
(23)
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where

mk
i �

1
cM ea(1 � ~a)

X

j

Ck� j
ij (� � 1

j � j
� ~a)(1 � � � j 0)

Generally , when studying highly diluted net w orks, the noise term Nk can b e treated directly

as a uniform distributed random v ariable, b ecause the states of di�eren t neurons are un-

correlated. In this case, Nk can not b e considered as a random v ariable but rather as a

w eigh ted sum of normally distributed random v ariables � l ,

Nk �
SX

l=0

(� lk � ~a)

(
X

�> 1

� � �
i l

cM e(1 � ~a)a

X

j

Ck� j
ij (� � �

j � j
� ~a)(1 � � � j 0)

)

�
X

l

(� lk � ~a)� l

The mean of � l is zero for all l and its standard deviation is



� 2

l

�
=

N�P lqk
i

(1 � ~a)cM e

with

qk
i �

1
cM e a

X

j

Ck� j
ij (1 � � � j 0)

Note that mk
i and qk

i are analogous to m�
� and q�� used in Section 4. If cM e is large enough

these quan tities tend to b e indep enden t of i and k .

mk
i ! m �

1
Na(1 � ~a)

X

j

(� � 1
j � j

� ~a)(1 � � � j 0)

qk
i ! q �

1
N a

X

j

(1 � � � j 0)

F ollo wing the analysis of highly diluted net w orks in [16], the retriev able stable states of

the net w ork are giv en b y the equations

m =
1

a(1 � ~a)

** Z
Dz

X

�

v��

2

4 1

1 +
P

� 6= � exp
n

� (h�
� � h�

� )
o

3

5

++

q =
1
a

X

� 6=0

** Z
Dz

2

4 1

1 +
P

� 6= � exp
n

� (h�
� � h�

� )
o

3

5

++

where the lo cal �eld, as in Eq. 23 is

h�
� = m v�� � U(1 � � � 0) +

X

k

s
� N
cM e

q Pl

(1 � ~a)
zkvk�
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These equations are equiv alen t to those obtained with the replica metho d (whic h in the

zero temp erature limit are Eqs. 15 and Eq. 14 resp ectiv ely) if one considers C = 0 (and,

th us, r = q) and an e�ectiv e v alue of � giv en b y � ef f = p=(cM e) .

Comparing this result with that for the fully connected mo del one notes that, as ~a ! 0,

the in�uence of C in the o v erall equations b ecomes negligible (this can b e guessed already

in Eq.16 ). Therefore if the co ding is v ery sparse, the fully connected and the highly diluted

net w orks b ecome equiv alen t, and consequen tly also the in termediate net w orks. W e sho w

this in Fig. 4. As the parameter ~a go es to zero, the storage capacit y of the fully connected

and the highly diluted limit mo dels con v erge.
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Figure 4: A comparison of the storage capacit y of a fully connected and of a highly diluted sparse

P otts net w orks. Numerical solutions to the corresp onding equations with U = 0 :5. Left, the

dep endence of the storage capacit y , in the t w o cases, on the sparseness a, with S = 5 . Righ t, the

dep endence on the n um b er of states p er unit S , with a = 0 :1. In b oth cases w e plot the normalized

storage capacit y , to fo cus only on the corrections to the S2=a b eha vior. Note that as ~a ! 0 the

storage capacit y of the t w o t yp es of net w ork con v erges to the same result.
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VI. INF ORMA TION CAP A CITY

W e ha v e sho wn that the storage capacit y of w ell b eha v ed mo dels scales roughly lik e S2=a,

while in the t w o particular examples that w e analyzed in full with the replica metho d, Eqs.

12 and 21 , there is a correction that mak es it

� c /
S2

a ln( 1
~a )

(24)

for high v alues of S and lo w v alues of a. W e no w discuss wh y this is reasonable in the general

case from the information storage p oin t of view.

It is widely b eliev ed, though not pro v ed, that autoasso ciativ e memory net w orks can store

a maxim um of information equiv alen t to a fraction of a bit p er synapse. In our mo del the

total n um b er of synaptic v ariables is giv en b y the di�eren t com binations of indexes of the

w eigh ts J kl
ij

number of synaptic variables = N cM S2e

On the other hand, the information in a retriev ed pattern is N times the con tribution of a

single unit, whic h, using the distribution in Eq. 1, can b e b ounded b y Shannon's en trop y

H = �
X

x2 distribution

P(x) ln (P(x)) = � [(1 � a) ln(1 � a) + a ln(~a)]

The upp er b ound on the retriev able information o v er p patterns is then

information � � p N [(1 � a) ln(1 � a) + a ln(~a)]

The �rst term b et w een brac k ets is negligible with resp ect to the second term pro vided a is

small enough and S is large enough. In this w a y w e can appro ximate

information
number of synaptic variables

� �
�a ln(~a)

S2
� �

� ca ln(~a)
S2

This result, com bined with Eq. 24, sho ws that the storage capacit y of our mo del is

consisten t with the idea that the information p er synaptic v ariable is at most a fraction of

a bit.

VI I. DISCUSSION

The capacit y to store information in an y device, and in particular the capacit y to store

concepts in the h uman brain, is limited. W e ha v e sho wn in a minimal mo del of seman tic
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memory , and in progressiv e steps, ho w one can exp ect the storage capacit y to b eha v e de-

p ending on the parameters of the system: a global parameter - the sparseness a - and a lo cal

parameter - the n um b er of lo cal retriev al states S, or, in other w ords, the storage capacit y

within a mo dule. The S2=a b eha viour, with its corresp onding logarithmic corrections, can

b e though t of as the com bination of t w o separate results: the a� 1
b eha viour due to sparse-

ness and the S2
b eha viour of the P otts mo del, whic h com bine in a simple w a y . W e ha v e

sho wn, ho w ev er, that it is not trivial to de�ne a mo del that com bines these asp ects correctly ,

and that the k ey is ho w the state op erators are de�ned. F rom this study w e ha v e deduced

the minim um requiremen ts of an y mo del of this kind in order to ha v e a high capacit y . F ur-

thermore, through the argumen t of information capacit y w e presen t the w ell b eha v ed family

as represen tativ e of general Hebbian mo dels with the same degree of complexit y .

The featural represen tation approac h has b een so far successful in explaining sev eral

phenomena asso ciated to seman tic memory , lik e similarit y priming, feature v eri�cation, cat-

egorization and conceptual com bination [4, 17 ]. The presen t w ork demonstrates that the

adv an tage of the use of features in allo wing the represen tation of a large n um b er of concepts

can b e realized in a simple asso ciativ e memory net w ork. More quan titativ ely , our calculation

sp eci�es that in the P otts mo del the n um b er of concepts that can b e stored is neither linear

[2] nor an arbitrary p o w er [18 ] of the n um b er S of v alues a feature can tak e, but quadratic

in S.

In the case of non-unitary sparseness, one can asso ciate the necessit y of in tro ducing a

threshold ( U ) term, whatev er its exact form in the lo cal �eld or the Hamiltonian, with

a criterion of selectivit y , whic h is actually observ ed in the represen tation of concepts in

the brain, as p oin ted out in the in tro duction. The threshold b eha viour, whic h is a t ypical

c haracteristic of neurons, app ears to b e also necessary at the lev el of lo cal net w orks in order

to main tain activit y lo w in the less represen tativ e mo dules. The origin of suc h a threshold has

not b een discussed in this pap er. Ho w ev er, a commen t on this issue can b e made regarding

the in ternal dynamics of lo cal net w orks. One can sho w that, as extensiv ely describ ed in the

literature [7], only when the state of a lo cal autoasso ciativ e net w ork is driv en b y external

�elds su�cien tly close to an attractor (inside one of the S basins of attraction) the lo cal

system ma y end up retrieving a pattern on its o wn, a pro cess that from the global net w ork

p oin t of view corresp onds to the activ ation of a unit. The lo cal basin b oundary acts in the

full system as an e�ectiv e threshold, roughly equiv alen t to the simple U term w e in tro duced
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in the lo cal �eld of our reduced system. Whether this threshold mec hanism is enough,

or some addition m ust b e made, can b e assessed b y studying, in the future, the complete

m ultimo dular net w ork without reducing it to P otts units.
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